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INTRODUCTION 
Let S”, respectively P, denote the standard unit sphere in Euclidean 
space UP+l, respectively Rnfl, and let f: S” ---f S” be a smooth map. 
Following Olivier [7] and Lawson [5], we define 8( f ), the dilatation 
off, by 
S(f) = gEl If*X I; 
here X ranges over all unit tangent vectors to points in 9, f* is the 
induced map on tangent vectors, and j [ is Euclidean length. Moreover, 
if 01 E TV, we set 
S(a) = inf S(f), 
the infimum taken over all smooth representatives f of (Y, and call 6((w) 
the dilatation invariant of 01. 
Our first goal is to refine Theorem 2 of [5], providing lower bounds for 
the dilatation invariant of certain homotopy classes. Our main theorem 
in Section 1 is a rather direct extension of Lawson’s theorem; however, 
we exploit more fully the Fundamental Theorem of Morse Theory. As an 
application of our theorem and some classical results of James [4], we are 
able to exhibit elements of finite order in TV (for suitable choice 
of m, n) with arbitrarily large dilatation invariant. 
In Section 2, we make a preliminary study of the problem of obtaining 
upper bounds for the dilatation invariant. The results of Section 1 
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suggest that we ought tirst to look at the elements of the stable homotopy 
groups rka = lim.,,,, ?r,&+k (P). Using the work of Baum [2], which is, 
in turn, based upon the Atiyah-Bott-Shapiro analysis of the periodicity 
theorem [l], we are able to completely analyze the situation for those 
elements in 7rk* which lie in the image of the stable J-homomorphism 
~~(0) + rk*; the dilatation invariant of any such nonzero element is 
always 2. 
1 
For p, q E S”, R >, 2, let Q* = Q*(P; p, q) be the space of all paths 
w: [0, l] --f Sn with w(O) = p, w(1) = q, equipped with the compact- 
open topology. As is well known, sZ* admits a CW-decomposition of the 
form 
fJ* N sn-1 " e2(n-1) " . . . " er(n-l) " . . . 
This allows us to define a filtration on the group r,(P) as follows. For 
a E r,(P), we say that filt(a) < I if the adjoint of a, ad(a) E ~~-&2*), 
lies in the image of the naturally induced map 
T,-~(Q~~~-~)) -+ 7rm-1(J2*)1C&-1~ N W-l U a*- U ertn-l). (1.1) 
Notice that filt(a) = 0 iff 01 = 0 and filt(a) < 1 iff a is a suspension 
element. 
THEOREM 1. Let (Y E rm(Sn), m > n >, 2, m even and 2~4 # 0. If 
6(a) < t + 2, then filt(a) < s, where 
‘; 
0, if r=O 
s= rfl, if r>O iseven 
*, if T > 0 is odd. 
Remark. It has been conjectured by Olivier [7] that 8(a) is always an 
integer. If true, then the real number h occurring in the proof of 
Theorem 1 below could evidently be chosen to satisfy 0 < X < 7r/2 and 
we would then be able to assert the slightly sharper and more uniform 
conclusion that filt(a) f Y, regardless of the parity of Y. 
Proof of Theorem 1. The proof is closely modelled on the proof of 
Theorem 2 [5], which is precisely the case Y = 1. 
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First, the exceptional case r = 0 is an elementary consequence of the 
Borsuk-Ulam Theorem and is proved as Theorem 1 [S]. (We note that 
the conditions on m and 2a are, in fact, not needed in case r = 0.) 
Let then f: S” -P S” be a smooth representative of (II and assume 
Y + 1 < 6 = S(f) < + + 2, r > 1. Thus, we may choose h so that 
O<h<a, Y + 1 < 6 <(Y + 1) +h/a. (l-2) 
As m is even and 201 If 0, it is easy to see [5, p. 433, Lemma] that some 
pair {x, -X> of antipodal points in Sm is mapped into an antipodal pair, 
i.e., d(fbU(-4) = r, where d is the standard metric on P. Further, 
by the Borsuk-Ulam Theorem, some pair {x’, -x’} of antipodal points 
in Sm is mapped into a single point, i.e., d(f(x’),f(-x’)) = 0. Hence, 
there exists y E Sm such that 
x -=c WY),f(-Y)) -=c 7r- (1.3) 
Let now Q = sZ(P; p, 4) be the space of all piecewise smooth paths 
w: [O, l] + S” with o(O) = p, w(l) = 4, equipped with the metric 
defined in Milnor [6], let E: Q 
E(w) = Ji 1 dw/dt I2 dt, and set 
+ [w be the energy function, defined by 
Q!” = @(Sn; p, q) = E-l([O, C‘Q c > 0. 
Then the inclusion i: J2 + Q* is a homotopy equivalence [6, Theorem 
17.11 and if we let p = f( y), 4 = f( -y), c = (Y + 1)~ + h, we have, by 
virtue of (1.2), (1.3) and the Fundamental Theorem of Morse Theory 
[6, Theorem 17.3 and Corollary 17.41, a commutative diagram 
with j and j’ the inclusions (cf. (1.1)) and i’ a homotopy equivalence. 
Now f plainly induces a map 
3: p-1 = Q?T(Srn; y, +)+ Qh.+Q(c+lht~ 
and the composition 
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is precisely the adjoint off. Diagram (1.4) then establishes the conclu- 
sion filt(a) < t and the proof of the theorem is complete. 
Recall that for a prime p, the p-component of 7rsP(S3) is cyclic of 
order p. As a simple illustration of Theorem 1, we may deduce the 
following: 
COROLLARY 1. If ap is any element of orderp in rTT%(S3), then 6(a(,) > p. 
Proof. The conclusion is clear for p = 2 since we have observed in 
the course of proving Theorem 1 that any nonzero element in rrm(Sn), 
m > n, has dilatation invariant at least 2. If p is an odd prime, it suffices 
to show, by Theorem 1, that filt(g) > p - 2. (Indeed, filt(Olp) = p - 1.) 
For the reader’s convenience, we sketch a proof of this fact, due to 
James [4]. 
The fundamental class P-l --+ K(Z, n - 1) extends, of course, to a map 
Q* -+ K(Z, n - 1). For n = 3, we thus have a map 52* + K(Z, 2) = 
@P( co), and this restricts, by cellular approximation, to a map q: 
L&&,-s) -+ CP( p - 2). It is readily checked that q induces a p-isomor- 
phism in homology, hence also in homotopy. But 
because of the bundle representation S1 + S2Pe3 + @P( p - 2). It 
follows that for p odd, ~2P-1(s2&-2)) is finite and has no p-torsion, 
which clearly establishes our claim. 
As another corollary, we have the following (compare [5, Corollary 11): 
COROLLARY 2. If ap , p odd, is as in Corollary 1 and y E r3(S2) is the 
Hopf class, then S(y o 0~~) > 2p - 1. 
Proof. According to [4], filt(y 0 aP) = 2 filt(ocp) since y has Hopf 
invariant one. As filt(ap) > p - 2 by the argument of Corollary 1, it 
follows immediately from Theorem 1 that S(y 0 aP) > 2p - 1, as 
claimed. 
Remarks. (1) It would be interesting to know the exact value of 
6(aP). A natural way to compute or at least find an upper bound for 
6(01,) would be to find an explicit smooth representative f,: S2P --f S3 
for ap and calculate S(f,) by hand; see Section 2. Unfortunately, for 
p > 3, there does not seem to be in the literature any such map. Such 
maps do exist for p = 2 and 3 and the method of Section 2 shows that 
8(a2) = 2, S(ci,) < 16. 
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(2) Both filt( ) and 6( ) are “submultiplicative” functions, i.e., 
fiqa 0 T) < filt(a) - filt(T), S(0 0 T) < S(a) * S(T). 
The former is verified in [4] and the latter is obvious. If o is an element 
of Hopf invariant one, we have already observed that filt(a 0 T) = 
i%(U) ’ fi;lt(T) = 2 filt( 7 and it may be conjectured that we also have ) 
6(u 0 T)  = 6(u) 0 s(T) = 2&(T), at 1 eas i u is one of the Hopf classes. t f 
If true, this would allow us to improve the conclusion of Corollary 2 to 
str l3 %3 ) > 2p (even for p = 2; compare [7, Section 31). 
2 
In this section, we will be concerned with the stable homotopy groups 
nks. For E E z-~~, we define S(E) = limn+m a(~,), where en. E T~+~(S”) is 
a “representative” of E. The limit exists; see the second paragraph of 
Remark (2) below. 
The hope that one may find reasonable upper bounds for the dilatation 
invariant of stable elements stems from the fact, due to Baum [2], that 
such elements admit particularly nice representative maps. To illustrate 
this point, we offer the following complete information on the dilatation 
invariant of elements in the image of the stable J-homomorphism. We 
hope to return to the general case in a future study. 
THEOREM 2. Let E be a nonzero element in the image of the stable 
J-homomorphism J: rrk(0) --f irks. Then 8(e) = 2. 
Proof. We begin, following Baum [2], by writing down an explicit 
smooth map f: IWn+k+l + Rn+l such that f (Sn+k) C 5’” and J = 
f j Sn+k is a representative of E. 
Let C, be the Clifford algebra over [w, Pin(R) the Kth “pinor” group. 
(For details, see [I] or [2].) [Wk+l will be thought of as the subspace of 
Ck spanned by 1 and the Clifford elements e, ,..., ek . If V is an n-dimen- 
sional R-vector space which is also a Ck-module, then by [2], V admits a 
Pin(K)-invariant inner product ( , ). Choosing an orthonormal R-basis 
@l ,“.> v,) for V, we define a map 
g: UP+1 --+ M, , (2.1) 
M, the algebra of all real n x n matrices, by associating to each a E Rk+l 
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the matrix of the linear transformation w  + a . v, v E V, with respect to 
the given basis. It follows from the Pin(k)-invariance of ( , ) that 
g(Sk) C 0,; let g = g ] Sk. According to Atiyah-Bott-Shapiro, any 
8 E ~~(0) admits a representative of the form f. To represent E = J(0); 
we define 
f(4 b) = (2&) * b, I b I2 - I a 12), a = (a1 ,..., a,,) E !P+1, 
b = (bl ,..., b,) E UP. (2.2) 
It is readily checked thatf(S”+k) C Sn and thatj = f 1 Sn+k is a suitable 
representative for E. 
To compute 6(j), we may proceed by finding the Jacobian matrix, 
f’(a, b), of f at a point (a, b) E Swk and then evaluating f ‘(a, b)(a, ,!3) 
where (01, j?) = (0~~ ,..., ak+1, /I1 ,..., 18%) is orthogonal to (a, b). From 
(2.1) and (2.2), we find that 
m f’b 4 = 2 (-i, 2h”, ::: ““dp,, b,b, .. . b,)’ 
and then 






-3% - --* - ~k+lak+l+8$1 + "' +/%h~ 
we have, from (2.4), 
f’b, b)(a, 8) = W + Y + 4. 
LEMMA. IxI= Ial-lb], IYI = lal*IPl- 
(2.5) 
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Proof. It clearly suffices to prove that for any z, E V, (v, eiv) = 0, 
1 < i < K, and (eiv, ejv) = 0, i # j. But these formulas are a con- 
sequence of the relations 
e.2 1 -1 z eiej = -qe,(i # j) 
and the fact that e, ,..., ek E Pin(K). In detail, 
(v, e,v) = (eiv, ei2v) = (eiv, -v) = -(v, ep); 
(e,v, ejv) = (ei2v, eiejv) = (47, e,ep) = (v, ejeiv) = (ejv, ej2eiv) = -(eiv, ejv). 
It follows from the Lemma that 
Moreover, the quantity 1 01 1 * 1 b 1 + 1 a 1 * 1 p /, subject to the constraints 
khFn+ I b I2 = 1, I Qt I2 + I B I2 = 1, is easily checked to be maximized 
Ial = lbl, lal= IPI 
whence 
I .%2 +y I < 1. (2.6) 
From (2.5) and (2.6), we deduce 
I m, MT P)I < 2, provided z = 0. (2.7) 
In view of the orthogonality relation 
alal + **- + %+1%+1 + A~, + ... +PA = 0, 
it is clear that x = 0 in case either 1 a j = 0 or 1 b I = 0, so we hence- 
forth restrict attention to points (a, 6) with 1 a I * I b j f 0. Any such 
point belongs to the submanifold Sk(2/l a I) x S+l(fi) C ,Sn+k(Sz(7) 
denoting the standard Euclidean l-sphere of radius 7) and any tangent 
vector (ac, p) to S n+k at (a, b) may be expressed as a linear combination 
of a vector tangent to this submanifold and a vector normal to this sub- 
manifold. If (a, /3) is tangent to Sk(l/l) x ,Y-i(1/1) at (a, b), then 
Wl + *** + %+1%+1 = 0 = &h + -*. +fmI 
so again we have x = 0. It thus remains for us to analyze the vector 
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f’(a, b)(a, P) when (a, 8) is th e ( essentially unique) unit vector normal to 
Sk(l/m) x ~-l(m) at (a, b). Such a vector is 
(01, B) = (++a, ++ b) 
as is easily seen. Moreover, a straightforward if tedious calculation, which 
we omit, shows that Bf’(a, b)((--1 b l/l a ])a, (I a 111 b I)b) is a unit vector 
which is orthogonal to every vector of the form f’(u, b)(or’, /3’), where 
((Y’, /I’) is tangent to S”(dm) x S-l(m) at (a, b). Combining this 
with (2.7), we conclude that 
8(E) < S(j) = 2. 
Since, by Theorem 1, 8(c) > 2, the proof of the theorem is complete. 
Remarks. (1) The method of proof of Theorem 2 shows that the 
Hopf maps S3 + Sa, S7 + S4, 65 + Ss have dilatation equal to 2. 
Compare [7, Section 31. 
(2) Theorem 2 does not hold for the unstable J-homomorphism. 
In fact, by [3, p. 4421, 7r3(03) + z6(S3) is surjective but ‘the’ element 
01~ E n,(S3) discussed in Corollary 1 has dilatation invariant at least 3. 
This same example illustrates another point, concerning the relation 
between the dilatation invariant of an element (Y E rm(Sn) and its suspen- 
sion C a! E v~+~(P+~). I n g eneral, it is not difficult to prove that S(C a) < 
6(a) and it may well occur that S(C a) < Ei(ol), for example, if 01 # 0, 
C 01 = 0. It is natural to conjecture, though, that equality holds provided 
C is injective. But EN: vg(S3) --f VT~+~(P’+~) is injective for all N, 
T~+&S’N+~) is the image of T~(O~+~) under the stable J-homomorphism 
for N >, 2 and so, using Theorem 2, 
8 (c”q < 8((y3), N large.] 
(3) Baum’s main theorem in [2] asserts that any stable class E E arks 
1 A similar result may be deduced for the other LX,, , p odd, by utilizing the fact, due 
to J. W. Milnor and M. A. Kervaire (Bernoulli numbers, homotopy groups, and a 
theorem of Rohlin, PYOC. Int. Gong. Math., Edinborough (1933, 454-458) that the 
p-component of the stable group VT& lies in the image of I. For further examples, in 
the case m = 1, see [7j. 
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admits a nice representative, namely, a map f: Rn+k+l -+ IF-t1 which is 
a quadratic polynomial. However, it is not claimed that f (S'n+k) C P, 
merely that f (Sn+k) C R n+l - {O> so it may be quite difficult to exploit 
Baum’s representative for the purpose of obtaining an upper bound 
for a(~). 
Note that Wood [S] h as exhibited examples of elements in TV, 
e.g., the nonzero element 01s of m4(S3), which admit no polynomial 
representative carrying Sm into P. Of course, the Hopf class y E rr3(S2), 
which suspends to cl2 , does admit such a representative. We do not know 
of an example of a k-stem ?rks and an element E E rrks such that no 
representative E, E nr,+k(S”) f o E admits a polynomial representative 
carrying Sn+k to S”. 
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